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FORBIDDEN DETOUR NUMBER ON VIRTUAL KNOT
SHUN YOSHIIKE AND KAZUHIRO ICHIHARA
Abstract. We show that the forbidden detour move, essentially introduced
by Kanenobu and Nelson, is an unknotting operation for virtual knots. Then
we define the forbidden detour number of a virtual knot to be the minimal
number of forbidden detour moves necessary to transform a diagram of the
virtual knot into the trivial knot diagram. Some upper and lower bounds on
the forbidden detour number are given in terms of the minimal number of real
crossings or the coefficients of the affine index polynomial of the virtual knot.
1. Introduction
As a generalization of (classical) knots in the 3-space, Kauffman introduced vir-
tual knots in [4]. Since then various studies have been made. For example, relations
of virtual knots and Gauss diagrams were studied by Goussarov, Polyak, and Viro
in [2]. In their research, a kind of local move on virtual knots was introduced,
which they call the forbidden move. Then it was shown by Kanenobu [3] and Nel-
son [8] independently that for any diagram D of a virtual knot, there exists a finite
sequence of Reidemeister moves, virtual Reidemeister moves and forbidden moves
that takes D to the trivial knot diagram, i.e., the forbidden move is an unknotting
operation for virtual knots.
In the studies of forbidden moves in [3], Kanenobu introduced and used several
moves for virtual knot diagrams. The two of them, called F2-move and F
′
2-move,
which are essentially equivalent, played a key role in his arguments. Actually, they
were also considered and used by Nelson in [8]. Later, the F ′2-move is treated by
Crans, Mellor, and Ganzell in [1], which they called the forbidden detour move. See
Figure 1.
F
F
Fd
Figure 1. Forbidden moves F and forbidden detour move Fd
We here pick up that move, and obtain the following.
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Theorem 1. Let D be a virtual knot diagram of a virtual knot. Then, D can be
transformed to the trivial knot diagram by using Reidemeister moves, virtual Rei-
demeister moves, and forbidden detour moves. Moreover, if D has c real crossings,
then the number of forbidden detour moves is at most (c− 1)(2c2 + 11c− 3)/24 if
c is odd and c(2c2 + 9c− 14)/24 if c is even.
Remark 1. We note that the F2-move in [3] (depicted in Figure 2), which is equiva-
lent to the forbidden detour move, can be regarded as a variation of the delta move
on (classical) knots, which was introduced by Matveev in [6] and by Murakami and
Nakanishi in [7], independently. They showed that the delta move is an unknotting
operation for classical knots, but it is known that it is not an unknotting operation
for virtual knots. See [10, Theorem 1.6] for example.
Figure 2. F2 move
In virtue of this result, we introduce the following notion.
Definition 1. Let K be a virtual knot. The forbidden detour number Fd(K) of K
is defined as the minimal number of forbidden detour moves necessary to transform
a virtual knot diagram of K into the trivial knot diagram.
We next consider lower bounds on the forbidden detour numbers of virtual knots.
To obtain lower bounds, a variation of an invariant, called the affine index poly-
nomial, under a forbidden detour move, plays a key role. In fact, we have the
following.
Theorem 2. Let K be a virtual knot, and PK denote the affine index polynomial of
K. Suppose that PK is expressed as (t−1)
∑
n∈Z ant
n. Then, we have the following.
Fd(K) ≥
∑
n∈Z |an|
2
In the following, our terminology about virtual knot and Gauss diagram etc
follows from those in [1].
2. Forbidden detour number
A virtual knot is defined as an equivalent class of virtual knot diagrams under
the Reidemeister moves, virtual Reidemeister moves. Also, virtual knots correspond
bijectively to the equivalent classes of Gauss diagrams under moves reinterpreted
Reidemeister moves. That is, (classical) Reidemeister moves can modify the virtual
knot diagrams, but do not change the virtual knot represented by the diagrams.
On the other hand, the forbidden move and forbidden detour move can change
the virtual knots by modifying Gauss diagrams. In fact, as claimed in [1, Section
2], the forbidden detour move gives the effect on Gauss diagrams of switching the
head of one arrow with the tail of an adjacent arrow. See Figure 3.
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Figure 3. The effect of an Fd-move on Gauss diagrams
In the following, we call the move on Gauss diagrams corresponding a forbidden
detour move also a a forbidden detour move on the Gauss diagrams.
Proof of Theorem 1. Let D be a virtual knot diagram D with c real crossings of
a virtual knot, and G a Gauss diagram associated to D. We consider an arrow
A of G, and assume that a arrow-heads and b arrow-tails exist on one side of the
external circle of G divided by the end points of A. We can suppose that and a+ b
is smaller than or equal to c− 1.
A
arc A
Figure 4. Gauss diagram G and arrow A
Let us remove A by using forbidden detour moves. First, we focus on all arrow-
heads sandwiched between the end points of A as shown Figure 5. We use forbidden
detour moves at most b+1 times to sweep an arrow-head to outside of the considered
part of the circle. We repeat this procedure a times until no arrow-heads exist on
that part. Second, we remove A by using an R1-move and forbidden detour moves
b times. Therefore, the number of forbidden detour moves to remove A is at most
a(b+ 1) + b = a+ b+ ab.
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Fd moves
b+1 times
Fd moves
b+1 times
Fd moves
Figure 5. Sequences of forbidden detour moves (Fd-moves)
Then, since a > 0 and b > 0, we see that 2
√
ab ≤ a + b ≤ c − 1, and so
4ab ≤ (c− 1)2. Then, we get
a+ b+ ab ≤ (c− 1) + (c− 1)
2
4
.
When a is equal to b, the equality holds. Let ac = b (c−1)
2
4 c. When n = 2` with
some ` ∈ N, we have the following.
n∑
c=1
ac =
2∑`
c=1
ac
=
∑`
s=1
{a2s−1 + a2s}
=
∑`
s=1
{b (2s− 2)
2
4
c+ b (2s− 1)
2
4
c}
=
∑`
s=1
(2s2 − 3s+ 1)
=
1
6
`(4`+ 1)(`− 1)
Then, since ` = n/2, we get the following.
n∑
c=1
{b (c− 1)
2
4
c+ c− 1} = 1
24
n(2n2 + 9n− 14)
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On the other hand, when n = 2`− 1 with some ` ∈ N, we have the following.
n∑
c=1
ac =
2`−1∑
c=1
ac
=
2∑`
c=1
ac − a2`
=
1
6
`(4`+ 1)(`− 1)− (`2 − `)
=
1
6
`(`− 1)(4`− 5)
Then, since ` = (n+ 1)/2, we have the following.
n∑
c=1
{b (c− 1)
2
4
c+ c− 1}
=
1
24
(n+ 1)(n− 1)(2n− 3) + 1
2
n(n+ 1)− n
=
1
24
(n− 1)(2n2 + 11n− 3)
Consequently, D can be transformed to the trivial knot diagram by using Rei-
demeister moves, virtual Reidemeister moves, forbidden detour moves, and if D
has c real crossings, the number of necessary forbidden detour moves is at most
(c− 1)(2c2 + 11c− 3)/24 if c is odd and c(2c2 + 9c− 14)/24 if c is even. 
3. Lower bound of forbidden detour number
Next, we consider the lower bound of forbidden detour number of a virtual knot.
In this section, we estimate it using by using an invariant, called the affine index
polynomial. In fact, for the forbidden move, Sakurai showed in [9] the following;
Let K and K ′ be two virtual knots which can be transformed into each other by a
single forbidden move. Then
PK − PK′ = (t− 1)(±t` ± tm)
holds for some integer ` and m, where PK denotes affine index polynomial. By
imitating the argument in [9], we have the following.
Theorem 3. Let K and K ′ be two virtual knots which can be transformed into
each other by a single forbidden detour move. Then we have
PK − PK′ = (t− 1)(±t` ∓ tm)
for some integer ` and m, where PK denotes affine index polynomial.
To prove this, we recall some definitions about the affine index polynomial used
in [9].
First, we define virtual knot invariants by indexes of arrows for a Gauss diagram.
Let G be a Gauss diagram of a virtual knot K, and γ =
−−→
PQ an arrow oriented
from P to Q with sign ε(γ) in G. We give the signs to the endpoints P and Q,
denoted by ε(P ) and ε(Q), respectively, such that ε(P ) = −ε(γ) and ε(Q) = ε(γ).
For an arrow γ =
−−→
PQ in a Gauss diagram G, the specified arc of γ is the arc α in
the outer circle S1 with endpoints P and Q oriented from P to Q with respect to
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the orientation of S1. The index of γ is the sum of the signs of all the endpoints of
arrows on α other than P and Q, and denoted by i(γ).
Then the n-writhe Jn(K) of of a virtual knot K is defined as
Jn(K) =
∑
i(γ)=n
ε(γ) (n 6= 0)
and, we define the affine index polynomial PK of K as
PK =
∑
n∈Z
Jn(K)(t
−n − 1) .
We remark that this is different from the original definition by Kauffman in
[5]. However Sakurai showed in [9, Proposition 3.2] that this gives an alternative
definition of the affine index polynomial.
Proof of Theorem 3. Suppose that virtual knotsK andK ′ are represented by Gauss
diagrams G and G′ respectively. There are two cases, Case (I) and (II) of Figure 6,
for the change of G and G′. We here only consider the case (I) since the other case
can be treated similarly.
Let γi be arrows γ
′
i (i = 1, 2) of G and G
′ are the two arrows in the part where
a forbidden detour move is applied. For arrows γi and γ
′
i, by Figure 6, we have
i(γ′1) = i(γ1) + ε(γ2)
i(γ′2) = i(γ2)− ε(γ1)
where ε(γi) = ε(γ
′
i).
ɤ
ε(ɤ)
ɤ1 2
1
-ε(ɤ)1 ε(ɤ)2
-ε(ɤ)2
Fd
ɤ'
ε(ɤ')
ɤ'1 2
1
-ε(ɤ')1 ε(ɤ')2
-ε(ɤ')2
(I)
ɤ'
ε(ɤ')
ɤ'1 2
1
-ε(ɤ')1ε(ɤ') 2
-ε(ɤ')2
Fd
ɤ'
ε(ɤ')
ɤ'1 2
1
-ε(ɤ')1ε(ɤ') 2
-ε(ɤ') 2
(II)
Figure 6.
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Therefore, we have the following.
PK − PK′ = ε(γ1)(t−i(γ1) − 1) + ε(γ2)(t−i(γ2) − 1)
− ε(γ′1)(t−i(γ
′
1) − 1)− ε(γ′2)(t−i(γ
′
2) − 1)
= ε(γ1)t
−i(γ1) + ε(γ1)t−i(γ2) − ε(γ′1)t−i(γ
′
1) − ε(γ′2)t−i(γ
′
2)
− ε(γ1)− ε(γ2) + ε(γ′1) + ε(γ′2)
= ε(γ1)t
−i(γ1) + ε(γ1)t−i(γ2) − ε(γ1)t−i(γ1)−ε(γ2) − ε(γ2)t−i(γ2)+ε(γ1)
= ε(γ1)t
−i(γ1)(1− t−ε(γ2)) + ε(γ2)t−i(γ2)(1− tε(γ1))
=

(t− 1)(t−i(γ1)−1 − t−i(γ2)) (ε(γi) = 1)
(t− 1)(−t−i(γ1) + t−i(γ2)) (ε(γ1) = 1, ε(γ2) = −1)
(t− 1)(−t−i(γ1)−1 + t−i(γ2)−1) (ε(γ1) = −1, ε(γ2) = 1)
(t− 1)(t−i(γ1) − t−i(γ2)−1) (ε(γi) = −1)

Proof of Theorem 2. Let K be a virtual knot with a virtual knot diagram D which
can be transformed into the trivial knot diagram O by using forbidden detour
moves s times. That is, we suppose that there exists a sequence of virtual knot
diagrams D0, D2, · · · , Ds such that D = D0, Di is obtained from Di−1 by single
forbidden detour move (1 ≤ i ≤ s), and Ds = O. We denote by Ki the virtual knot
represented by Di (1 ≤ i ≤ s). Suppose that the affine index polynomial of Ki is
expressed as Pt(Ki) = (t− 1)
∑
aint
n. By Theorem 3, we get the following.
Pt(K1) = Pt(K) + (t− 1)(±t` ∓ tm)
= (t− 1)
∑
a0nt
n + (t− 1)(±t` ∓ tm)
= (t− 1) · (· · ·+ (a0` ± 1)t` + · · ·+ (a0m ∓ 1)tm + · · · )
The coefficients of a1` and a
0
` satisfy the next (0 ≤ ` ≤ s).
a1` = a
0
` ± 1
|a1` | = |a0` ± 1| ≥ |a0` | − 1
Then we have the following.∑
|a1n| ≥ (
∑
|a0n|)− 2∑
|a2n| ≥ (
∑
|a1n|)− 2
...∑
|asn| ≥ (
∑
|as−1n |)− 2
We conclude the following.
0 =
∑
|asn| ≥ (
∑
|a0n|)− 2s
2s ≥
∑
|a0n|
s ≥
∑ |a0n|
2

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